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time derivative described in the Caputo sense are given by means of fractional Green’s
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of differential equations of integer order can be obtained as special cases of the results
given by this paper.
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1. Introduction
In recent years, fractional differential equations (FDEs) have been the focus of many studies due to their appearance in
various ﬁelds such as physics, chemistry, and engineering [1–9]. On the other hand, much attention has been paid to the
existence and uniqueness of solutions for FDEs based on different fractional derivatives [10–12]. In this paper, we consider
a kind of simple Stefan problems with fractional time derivative described in the Caputo sense. To the best of authors’
knowledge there are few papers dealing with Stefan problems within the frame of fractional calculus at present [13–15] due
to its non-linearity.
2. Solutions of fractional differential equations concerned
In order to solve Stefan problems with fractional differential equations let us consider the following Mainardi’s initial
value problem for the fractional diffusion equation in one-dimensional unbounded space [16–18]:
Dα∗ c(x, t) = λ2
∂2c
∂x2
(|x| < ∞, t > 0, 0 < α  1), (1)
c(x,0) = f (x) (|x| < ∞), (2)
lim
x→±∞ c(x, t) = 0 (t > 0), (3)
where Dα∗ = ∂
α
∂tα denotes the Caputo fractional derivative of order α with starting point +0 deﬁned by [19]:
Dα∗ f (t) := Jm−αDm f (t) =
1
Γ (m − α)
t∫
0
f (m)(τ )
(t − τ )α+1−m dτ , m − 1 < α m, m ∈ N.
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suﬃx + denotes that the function is vanishing for t < 0. And Γ (·), ∗ and Dn denote Gamma function, Laplace convolution
and the operator of the derivative of order n(n ∈ N), respectively.
We solve Eq. (1) subject to the conditions (2) and (3) by means of integral transform methods similar to those pro-
pounded by Podlubny [4]. Using the following rule for the Laplace transform of the Caputo fractional derivative [16]
Dα∗ f (t) ÷ sα f˜ (s) −
m−1∑
k=0
f (k)(0+)sα−1−k, m − 1 < α m,
under the assumptions that 0 < α  1; f (0+) = 0, and taking the Laplace transform to (1) ∼ (3) in time domain, then taking
the Fourier transform in space domain yield c(β, s) = sα−1F(β)/(λ2β2 + sα), where β and s are parameters of Fourier and
Laplace transforms, respectively, and F(β) = ∫∞−∞ exp(−ixβ) f (x)dx. Finally, inverting transforms we obtain:
c(x, t) =
∞∫
−∞
f (ξ)dξ
{
1
π
∞∫
0
cosβ(x− ξ)L−1[sα−1/(λ2β2 + sα); t]dβ}= ∞∫
−∞
G(x− ξ, t) f (ξ)dξ. (4)
Here G(x, t) = 1π
∫∞
0 cos(xβ)L−1[sα−1/(λ2β2 + sα); t]dβ is the so-called fractional Green’s function, i.e., it is the response
of the system to an unit impulse. To get the explicit expression of G(x, t) we calculate the inverse Laplace transform of it:
L{G(x, t); s}= 1
π
∞∫
0
cosβx · s
α−1
sα + λ2β2 dβ =
s−1+α/2
2λ
exp
{−|x|λ−1sα/2}. (5)
In order to get the expression of G(x, t) one can invert (5) by means of performing the substitutions σ = st and z =
|x|λ−1t−α/2 and transforming Bromwich contour Br to Hankel contour Ha, as was done in a similar case by [16]. However,
for simplicity here we prefer to use the discretization method for solving inverse Laplace transform term-by-term [4,20].
Expanding the exponential function (5) in its Taylor series, then inverting term-by-term, we obtain
G(x, t) = L−1
{
s−1+α/2
2λ
∞∑
n=0
(−|x|λ−1sα/2)n
n!
}
= 1
2λ
∞∑
n=0
(−|x|λ−1)n
n! L
−1{s nα2 −1+ α2 }= 1
2λ
t−
α
2
∞∑
n=0
(−λ−1|x|t−α/2)n
n!Γ [−nα2 + (1− α2 )]
= 1
2λ
t−
α
2 W
(
−|x|λ−1t− α2 ,−α
2
,1− α
2
)
= 1
2λ
t−
α
2 M
(
|x|λ−1t− α2 ; α
2
)
, (6)
where W (−z;−ρ,1− ρ) and M(z;ρ) are Wright and Mainardi functions deﬁned as [4,21,22]
W
(
−z;−α
2
,1− α
2
)
=
∞∑
k=0
(−z)k
k!Γ [−α2 k + (1− α2 )]
= M
(
z; α
2
)
. (7)
Substituting (6) into (4) yields:
c(x, t) =
∞∫
−∞
1
2λ
t−
α
2 W
(
−|x− ξ |λ−1t− α2 ;−α
2
,1− α
2
)
f (ξ)dξ. (8)
In order to ﬁnd the solution to the problem (1) ∼ (3) in semi-inﬁnite domain by means of the method of analytical con-
tinuation it is necessary to point out that the formula (8) composed of fractional Green’s function (6) has some properties
similar to those composed of integer order Green’s function. For instance, from (8) it is easily proved that the following
lemma holds:
c(0, t) =
∞∫
−∞
1
2λ
t−
α
2 W
(
−| − ξ |λ−1t− α2 ;−α
2
,1− α
2
)
f (ξ)dξ = 0, (9)
provided the function f (ξ) is an odd one, i.e., f (−ξ) = − f (ξ). In fact, it is obvious that the integral at unbounded domain
(−∞ < ξ < ∞) is equal to zero due to the symmetry of the integrand with respect to the origin.
Now, by the aid of lemma (9) we can ﬁnd the solution to the problem of semi-inﬁnite domain (1) subject to the
conditions: c(x,0) = f0 = constant, and c(0, t) = μ0 = constant, which is used for solving Stefan problems. Without lose of
generality, we decompose the above mentioned problem into two parts c(x, t) = c1(x, t) + c2(x, t) in such a way that:
Dα∗ c1,2(x, t) = λ2
∂2c1,2
2
, (10)∂x
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c1(x,0) = f0; c1(0, t) = 0, (11)
c2(x,0) = 0; c2(0, t) = μ0. (12)
Introducing an auxiliary function u(x, t) deﬁned in −∞ < x < ∞ and satisﬁed Eq. (1) and conditions: u(x,0) = f0 (x > 0),
u(0, t) = 0 and deﬁning a function f (x) as odd continuation of f0, i.e.,
f (x) =
{
f0, x > 0,
− f0, x < 0,
then by the aid of the lemma (9) we have [13]
c1(x, t) = u(x, t) = f0
∞∫
0
[
G(x− ξ, t) − G(x+ ξ, t)]dξ
= f0t
−α/2
2λ
∞∫
0
{ ∞∑
k=0
(−|x−ξ |
λtα/2
)k
k!Γ (−α2 k + 1− α2 )
−
∞∑
k=0
(−|x+ξ |
λtα/2
)k
k!Γ (−α2 k + 1− α2 )
}
dξ
=
∞∑
k=0
(−1)k f0λ−(k+1)t−α(k+1)/2
(k + 1)!Γ (−α2 k + 1− α2 )
[ ∞∫
0
|x− ξ |k dξ −
∞∫
0
|x+ ξ |k dξ
]
=
∞∑
k=0
(−1)k f0
(k + 1)!Γ (−α2 k + 1− α2 )
(
x
λtα/2
)k+1
= f0
[
1− W
( −x
λtα/2
;−α
2
,1
)]
. (13)
Next, we will ﬁnd the second solution c2(x, t). In view of (13), it is obvious that function v(x, t) = μ0[1− W ( −xλtα/2 ;−α2 ,1)]
satisﬁes Eq. (10) and conditions v(x,0) = μ0; v(0, t) = 0. Therefore,
c2(x, t) ≡ μ0 − v(x, t) = μ0W
( −x
λtα/2
;−α
2
,1
)
, (14)
satisﬁes Eq. (10), i.e.,
Dα∗ c2(x, t) = λ2
∂2c2
∂x2
, (15)
and the conditions:
c2(x,0) = 0; c2(0, t) = μ0. (16)
In course of deriving (15) we used an important property of Caputo fractional derivative operator, i.e.,  A = constant, then
Dα∗ A ≡ 0 (0 < α  1).
3. Two exact solutions of simple Stefan problems with fractional time derivative
3.1. An exact solution of the ﬁrst Stefan problem with fractional derivative
Let us consider the ﬁrst Stefan problem with fractional derivative as follows:
Dα∗ T = λ2
∂2T
∂z2
(
0 < z < h(t), t > 0, 0 < α  1, λ = constant), (17)
T = TB = constant (z = 0), (18)
T = Tm = constant
(
z = h(t)), (19)
Dα∗ h(t) = b
∂T
∂z
∣∣∣∣
z=h−
(b = constant), (20)
h(0) = 0, (21)
where the formula (20) is called generalized Stefan condition. We assume that the T B < Tm .
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Dα∗ T̂ (t, z) = λ2
∂2 T̂
∂z2
(
0 < z < h(t), t > 0, 0 < α  1, λ = constant), (22)
T̂ = 0 (z = 0), (23)
T̂ = Tm − TB
(
z = h(t)), (24)
Dα∗ h(t) = b
∂ T̂
∂z
∣∣∣∣
z=h−
(b = constant), (25)
h(0) = 0. (26)
In view of the problem of semi-inﬁnite domain (10) subject to the condition (11) we know that the solution to Eq. (22)
subject to the condition (23) has the following form which is like (13):
T̂ = A
[
1− W
( −z
λtα/2
;−α
2
,1
)]
, (27)
where A is a constant to be determined. From (24) we have
Tm − TB = T̂
(
t,h(t)
)= A[1− W(−h(t)
λtα/2
;−α
2
,1
)]
. (28)
Because the formula (28) holds on the moving boundary h(t) at any time t , h(t) must be proportional to tα/2, that is to say,
h(t) = pλt α2 , (29)
where p is a constant to be determined.
From (27) and (29) we arrive at
∂ T̂
∂z
∣∣∣∣
z=h(t)
= A t
−α/2
λ
W
(
−p;−α
2
,1− α
2
)
. (30)
Substituting (29) into (25) yields
λ2
b
Γ (1+ α2 )
Γ (1− α2 )
p = AW
(
−p;−α
2
,1− α
2
)
. (31)
Eq. (28) divided by (31) gives
H(p) ≡ Γ (1+
α
2 )
Γ (1− α2 )
p
[1− W (−p;−α2 ,1)]
W (−p;−α2 ,1− α2 )
= S−1, (32)
where S is deﬁned as
S = λ
2
b(Tm − TB) . (33)
The unknown constant p will be determined by the transcendental equation (32). After determining constant p, one can
determine A from (28) and (29) as
A = Tm − TB[1− W (−p;−α2 ,1)]
. (34)
Substituting (34) into (27) yields
T̂ (z, t) = (Tm − TB)
[1− W ( −z
λtα/2
;−α2 ,1)]
[1− W (−p;−α2 ,1)]
. (35)
Finally, the exact solution of the ﬁrst simple Stefan problem with fractional derivative is given by
T (z, t) = T̂ (z, t) + TB = (Tm − TB)
[1− W ( −z
λtα/2
;−α2 ,1)]
[1− W (−p;−α2 ,1)]
+ TB . (36)
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Next, we consider the second Stefan problem with fractional derivative as follows:
Dα∗ T (t, z) = λ2
∂2T
∂z2
(
h(t) < z < ∞, t > 0, 0 < α  1, λ = constant), (37)
T = T∞ = constant (t = 0, 0 z < +∞), (38)
T = Tm = constant
(
z = h(t)), (39)
Dα∗ h(t) = −b
∂T
∂z
∣∣∣∣
z=h+
, (40)
h(0) = 0, (41)
where T∞ < Tm .
After introducing a new variable T̂ ≡ T − T∞ , Eq. (37) and the conditions (38)–(41) become
Dα∗ T̂ (t, z) = λ2
∂2 T̂
∂z2
(
h(t) < z < ∞, t > 0, 0 < α  1, λ = constant), (42)
T̂ = 0 (t = 0, 0 z < +∞), (43)
T̂ = Tm − T∞
(
z = h(t)), (44)
Dα∗ h(t) = −b
∂ T̂
∂z
∣∣∣∣
z=h+
, (45)
h(0) = 0. (46)
Obviously, from (14) in such a way as we used in Section 3.1 we can obtain the following exact solution to Eq. (42) subject
to the conditions (43)–(46):
T − T∞ = (Tm − T∞)
W ( −z
λtα/2
;−α2 ,1)
W (−q;−α2 ,1)
, (47)
and
h(t) = qλt α2 , (48)
where q is a constant to be determined by the following transcendental equation
F (q) ≡ Γ (1+
α
2 )
Γ (1− α2 )
q
W (−q;−α2 ,1)
W (−q;−α2 ,1− α2 )
= S¯−1, (49)
where S¯ is deﬁned as
S¯ = λ
2
b(Tm − T∞) . (50)
4. An exact solution of the extended Stefan problem with fractional derivative
Let us consider the extended Stefan problem with fractional derivative as follows:
Dα∗ C(z, t) = a
∂2C
∂x2
(
h(t) < z < ∞, t > 0, 0 < α  1, a = constant), (51)
C → C0 (z → ∞), (52)
C = Ci; CDα∗ h(t) = −a
∂C
∂z
∣∣∣∣
z=h+
(
z = h(t)). (53)
At the same time, we assume that T satisﬁes Eq. (17) in Section 3.1, Eq. (37) in Section 3.2 and
T = TB (z = 0), T → T∞ (z → ∞), (54)
T = Ti; Dα∗ h(t) = b
∂T
∂z
∣∣∣∣
z=h−
− b ∂T
∂z
∣∣∣∣
z=h+
(
z = h(t)), (55)
Ti = Tm −mCi, (56)
where Ci, Ti are two unknown constants, m is a constant.
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h(t) = μ√at α2 , (57)
T (z, t) = TB + (Ti − TB) [1− W (−εη;−
α
2 ,1)]
[1− W (−εμ;−α2 ,1)]
(η < μ), (58)
T (z, t) = T∞ + (Ti − T∞) W (−εη;−
α
2 ,1)
W (−εμ;−α2 ,1)
(η > μ), (59)
C(z, t) = C0 + (Ci − C0)W (−η;−
α
2 ,1)
W (μ;−α2 ,1)
(η > μ), (60)
where
η = z√
atα/2
, (61)
here λ2/a ≡ ε−2.
From Eqs. (53) and (55) the coupled Eq. (62) can be derived as:
Ci = Ci − C0
F (μ)
,
λ2
k
= Ti − TB
H(εμ)
− T∞ − Ti
F (εμ)
. (62)
Eliminating Ci and Ti from (56) and (62) the expression of coeﬃcient μ can be derived.
5. Conclusions
In this paper we presented some exact solutions to the ﬁrst, second and extended Stefan problems with fractional time
derivative described in the Caputo sense. By the aid of simple calculations, many results of differential equations of integer
order can be obtained as special cases of the results given by this paper.
(a) When α → 1, from Eq. (6) we arrive at
G(x, t) = lim
α→1
1
2λ
t−
α
2 W
(
− |x|
λtα/2
;−α
2
,1− α
2
)
= 1
2λ
√
πt
e
− x2
4λ2t , (63)
which is coincident with the well-known Green’s function of integer order in one dimension.
(b) When α → 1, from Eqs. (36) and (29) the following results with integer order are recovered [23]:
T − TB = (Tm − TB) erf (γ )
erf (p/2)
, h(t) = pλ√t, (64)
where erf (x) ≡ 2√
π
∫ x
0 e
−ζ 2 dζ is Error function, γ = z
2λ
√
t
, and p satisﬁes
H¯(p) ≡ √π p
2
e
p2
4 erf (
p
2
) = S−1. (65)
(c) When α → 1, from Eqs. (47) and (48) the following results with integer order are recovered [23]:
T − T∞ = (Tm − T∞) erfc(γ )
erfc(q/2)
, h(t) = qλ√t, (66)
where erfc(x) ≡ 1− erf (x) is Complementary Error function, and q satisﬁes
F¯ (q) ≡ √π q
2
e
q2
4 erfc
(
q
2
)
= S¯−1. (67)
(d) When α → 1, from Eqs. (57) to (60) the following results of extended Stefan problem with integer order are recov-
ered [23]:
h(t) = μ√at, (68)
T (z, t) = TB + (Ti − TB) erf (εη¯)
erf (εμ/2)
(
η¯ <
μ
2
)
, (69)
T (z, t) = T∞ + (Ti − T∞) erfc(εη¯)
erfc(εμ/2)
(
η¯ >
μ
2
)
, (70)
C(z, t) = C0 + (Ci − C0) erfc(η¯)
(
η¯ >
μ
)
, (71)erfc(μ/2) 2
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η¯ = z
2
√
at
. (72)
Eliminating Ci and Ti from (56) and (73), the expression of coeﬃcient μ can be derived.
Ci = Ci − C0
F¯ (μ)
; λ
2
k
= Ti − TB
ε−1 H¯(εμ)
− T∞ − Ti
ε−1 F¯ (εμ)
, (73)
where H¯ and F¯ are given by (65) and (67) respectively.
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